Abstract: In this paper, we prove a covariant version of the Stinespring theorem for Hilbert C * -modules. Also, we show that there is a bijective correspondence between operator valued completely positive maps, ( )-covariant with respect to the dynamical system (G η X ) on Hilbert C * -modules and ( )-covariant operator valued completely positive maps on the crossed product G × η X of X by η.
Introduction
The study of completely positive maps is motivated by applications of the theory of completely positive maps to quantum information theory, where operator valued completely positive maps on C * -algebras are used as a mathematical model for quantum operations, and quantum probability. -algebras. In [2, 4] , a version of the Stinespring theorem for completely positive maps on Hilbert modules over unital C * -algebras is proved. In this paper, we will prove a Stinespring theorem for completely positive maps on Hilbert modules over arbitrary C * -algebras and a covariant version of this theorem. Also, we show that there is a bijective correspondence between operator valued completely positive maps, ( )-covariant with respect to the dynamical system (G η X ) on Hilbert C * -modules, and ( )-covariant operator valued completely positive maps on the crossed product G × η X of X by η.
A Hilbert C * -module X over a C * -algebra A (or a Hilbert A-module) is a linear space which is also a right A-module, equipped with an A-valued inner product · · that is C-and A-linear in the second variable and conjugate linear in the first variable such that X is complete with the norm = 1/2 . If the closed bilateral * -sided ideal X X of A generated by { : ∈ X } coincides with A, we say that X is full. Given Hilbert spaces H and K , the vector space L(H K ) of all bounded linear operators from H to K has a natural structure of Hilbert module over the C *
-algebra L(H). A representation of X on the Hilbert spaces H and K is a morphism of Hilbert
denotes the closed subspace of a Hilbert space Z generated by the subset Y ⊆ Z ). Suppose that G is a locally compact group and ∆ is the modular function of G with respect to a left invariant Haar measure . A continuous action of G on a full Hilbert A-module X is a group morphism → η from G to Aut (X ), the group of all isomorphisms of Hilbert C * -modules from X to X , such that the map → η ( ) from G to X is continuous for each ∈ X . The triple (G η X ) will be called a dynamical system on Hilbert C * -modules. Any C * -dynamical system (G α A) can be regarded as a dynamical system on Hilbert C * -modules. 
The Stinespring type theorem for Hilbert C * -modules
Given two Hilbert spaces H and K , a coisometry from H to K is a bounded linear operator W :
Proposition 2.1.
Let H H K and K be Hilbert spaces and let X be a Hilbert
for all ∈ X , is a completely positive map.
Proof. Indeed, we have
for all ∈ X , where π A is the C * -morphism associated to π X , and since the map :
is completely positive, Φ is completely positive.
Next we show that an operator valued completely positive linear map Φ on a full Hilbert C * -module X is of the form Φ(·) = W * π X (·)V , where π X is a representation of X , W is a coisometry and V is a bounded linear map. Moreover, under some conditions this form is unique up to unitary equivalence.
Theorem 2.2.
Let X be a full Hilbert C * -module over a C * -algebra A, H and K Hilbert spaces, and Φ : X → L(H K ) a completely positive map. Then: 
Proof. (1) 
is a representation of X satisfying the relations (1a) and (1b). From
we deduce that the relation (1c) holds as well.
for all and in X , and 
The covariant version of the Stinespring construction
Let (G η X ) be a dynamical system on Hilbert C * -modules. A covariant representation of (G η X ) is a quintuple ( π X H K ) consisting of two Hilbert spaces H and
for all ∈ X and for all ∈ G. We say that the covariant representation ( Remark 3.1.
for all ∈ X and for all ∈ G. Therefore, (π A H) is a covariant representation of (G α η A).
Let → and → be two unitary * -representations of G on the Hilbert spaces H and K .
Remark 3.2.

If Φ : X → L(H K ) is a completely positive map, ( )-covariant with respect to (G η X ), then the completely positive map associated to Φ is -covariant with respect to (G α η A).
Indeed, we have
for all ∈ X and for all ∈ G.
Proposition 3.3.
Let ( π X H K ) be a covariant representation of (G η X ), → and → unitary * -representations of G on H, respectively K . Let V ∈ L(H H ) be such that V = V for all ∈ G, and W ∈ L(K K ) be a coisometry such that W = W for all ∈ G. Then the map Φ : X → L(H K ) defined by
for all ∈ X , is a completely positive map, ( )-covariant with respect to (G η X ).
Proof. By Proposition 2.1, the map Φ is completely positive. Since
for all ∈ X and for all ∈ G, we deduce that the completely positive map Φ is ( )-covariant.
Next, we show that an operator valued, ( )-covariant completely positive map Φ on a full Hilbert C * -module X is of the form Φ(·) = W * π X (·)V , where ( π X H K ) is a covariant representation of (G η X ), W is a coisometry such that W = W for all ∈ G, and V is a bounded linear map such that V = V for all ∈ G. Moreover, under some conditions this form is unique up to unitary equivalence.
Theorem 3.4.
Let Φ : X → L(H K ) be a completely positive map, ( )-covariant with respect to (G η X ).
(1) There are Hilbert spaces H Φ and K Φ , a covariant representation
(2) Let H and K be Hilbert spaces, ( π X H K ) a covariant representation of (G η X ), V : H → H a bounded linear operator, W : K → K a coisometry satisfying
(2a) Φ( ) = W * π X ( )V for all ∈ X ; (2b) V = V for all ∈ G; (2c) W = W for all ∈ G; (2d) π X (X )V H = K ; (2e) π X (X ) * W K = H .
Then there are two unitary operators U
Moreover, the relations (1a), (1d) and (1e) are satisfied.
for all ∈ G and for all ∈ X , ∈ H, = 1 ; therefore, [Φ(X )H] is invariant under . Then, since W Φ is the projection on [Φ(X )H], we have
To prove the assertion (1), it remains to show that
(2) Since (π A H V ), where π A is the underlying * -representation of π X , is unitarily equivalent to the covariant Stinespring construction associated to , there is a unitary operator 
∈ X and for all 1 ∈ H, whence
for all ∈ A and ∈ H. From this relation, since [π (A)V Φ H] = H, we deduce that U 1 = U 1 and the assertion is proved. for all ∈ C (G X ) and ∈ C (G A). The inner product is given by
Covariant completely positive maps and crossed products of Hilbert
The crossed product of X by η, denoted by G × η X , is the Hilbert (G × α η A)-module obtained by the completion of the pre-Hilbert (G × α η A)-module C (G X ); see [5, 7] .
for all ∈ C (G X ). Moreover, a simple calculation shows that the underlying * -representation of π X × is the integral form of the covariant representation (π A H) of (G α η A) induced by ( π X H K ).
Remark 4.1.
If ( π X H K ) is a nondegenerate covariant representation of (G η X ), then its integral form (π X × H K ) is nondegenerate. Indeed, for ∈ C (G A) and ∈ X , ∈ C (G X ), where ( ) = ( ),
From these facts, taking into account that (π A × H K ) and (π X H K ) are nondegenerate, we deduce that
Definition 4.2.
A completely positive map Ψ : for all ∈ G and for all ∈ C (G X ), and then
for all ∈ C (G X ). Moreover, the completely positive map associated to Φ is the map :
for all ∈ C (G A).
By Proposition 2.1, Φ is completely positive and
for all ∈ C (G X ). From 
